ABSTRACT. An approach to representations of finite groups is presented without recourse to character theory. Considering the group algebra C[G] as an algebra of linear maps on C[G] (by left multiplication), we derive the primitive central idempotents as a simultaneous eigenbasis of the centre, Z (C[G] ). We apply this framework to obtain the irreducible representations of a class of finite meta-abelian groups. In particular, we give a general construction of the isomorphism between simple blocks of C[G] and the corresponding matrix algebra where G can be any finite group.
INTRODUCTION
In this paper, we present an approach to determining the decomposition of the group algebra, C[G], of a finite group G, over the field of complex numbers, C. We work solely within the group algebra without recourse to the character theory of G, obtaining the irreducible representations of G.
There are, of course, many ways of approaching the representations of finite groups [1, 2, 3, 4] , however, our starting point is the centre of the group algebra. The very concept of primitive central idempotents (along with their properties) arises naturally as a consequence of the diagonalizability of Z(C [G] ).
We consider the group algebra acting on itself by left multiplication (that is, considering the regular representation of the algebra C[G]),
: (x, y) → xy and derive the primitive central idempotents of the group algebra as a simultaneous eigenbasis of its centre, Z(C [G] ) (Theorem 2.3, Section 2). An immediate consequence, among others, of this framework is that the two-sided ideal generated by a primitive central idempotent has a one-dimensional centre.
Our point of view is illustrated first for abelian groups in Section 3. In Section 4, we apply this framework to a large class of nonabelian groups, namely (metaabelian) semi-direct products, G = N ⋊ H where both N and H are abelian. For this class of groups, we provide a general formula for the primitive central idempotents of C[G] (Section 4.2). To obtain the isomorphism between each simple block of C[G] and the corresponding matrix algebra, we give a general construction that is applicable for all finite non-abelian groups (Proposition 4.6). Furthermore, a formula is given for counting the number of conjugacy classes in N ⋊ H (Corollary 4.5), which also holds when H is nonabelian (Remark 7).
Throughout this paper G denotes a finite group. 
PRIMITIVE CENTRAL IDEMPOTENTS OF C[G]
In this section, we obtain the primitive central idempotents of the group algebra as a simultaneous eigenbasis for the centre. 
(ii) An idempotent u is called primitive if u cannot be written as a sum, u = u 1 + u 2 , where u 1 and u 2 are orthogonal idempotents.
(iii) J is called a primitive central idempotent if J belongs to the centre of A, J is idempotent, and J cannot be written as a sum,
where I 1 and I 2 are orthogonal central idempotents.
We first show that the centre, Z(C [G] ), consists of diagonalizable elements, and then obtain the primitive central idempotents of C[G] as the simultaneous eigenbasis of the centre.
Notation: For x ∈ C[G],x will denote the complex conjugate of x, and x † the conjugate transpose of x, where x is considered as a linear operator on C[G] by left multiplication.
Proposition 2.2. Every element of Z(C[G]) is diagonalizable (operating by left multiplication on Z(C[G])).
Proof. As an operator on C[G] by left multiplication, each group element g is a permutation matrix, and therefore g † = g −1 . Thus, for any
. Now the proposition follows from the fact that the centre, Z(C [G] ), is an invariant subspace for z.
In particular, the standard basis elements, 
. By Theorem 2.3, it follows that the group algebra C[G] is a direct sum of the twosided ideals {A p },
, and hence, a = aJ p = λJ p , where the first equality follows from a ∈ A p and the second equality follows since J p is an eigenvector of a ∈ Z(C[G]).
Remark 4. It follows from Remark 3 that A p cannot be decomposed as a direct sum of two-sided ideals.
It is well known that the blocks A p are simple, and therefore isomorphic to matrix algebras ( [4] , for example).
ABELIAN GROUPS We give several illustrations of our point of view in Theorem 2.3, that the primitive central idempotents are a simultaneous eigenbasis of Z(C[G]).

Irreducible representations. We begin with the well-known result: A finite group G is abelian if and only if
(The functions λ p are the characters of G.) 3.2. Cyclic groups. We illustrate the simultaneous eigenbasis for a cyclic group G = Z k = {e, r, r 2 , ..., r k−1 }, with generator r of order k.
Proposition 3.1. Let G = r be a cyclic group of order k with generator r, and
Proof. As the minimal polynomial of r is x k − 1, the distinct eigenvalues of r are
m=1 a m r m be an eigenvector of r corresponding to eigenvalue λ. Then rv = λv implies
Taking a k = 1, the eigenvectors of r with eigenvalue λ = ω p are multiples of
3.3. Arbitrary finite abelian groups. For the group algebra of an arbitrary finite abelian group, the simultaneous eigenbasis of Theorem 2.3 is obtained by Proposition 3.1 above, together with the following result:
Proposition 3.2. For any finite groups, G i ,
Proof. The isomorphism is given by defining
and extending linearly.
For an arbitrary finite abelian group G = Z n 1 × · · · × Z n k , where Z n i is the cyclic group of order n i , the idempotent eigenbasis for each C[Z n i ] is given by Proposition 3.1. Let J
. In this case, each primitive central idempotent decomposes as a sum of orthogonal primitive idempotents,
[See the Appendix (Section 5) for characterizations of primitive idempotents.]
In the following section, we apply the results of Sections 2 and 3 to a large and important class of nonabelian groups -the semi-direct product of two abelian groups. We construct the irreducible representations without recourse to character theory or induced representations. p = e, where we denote by u 
Then, e i j defines an isomorphism of A with M m (C).
Proof.
For j = k, u j u k = 0 and hence, e i j e kl = 0. Mapping e i j to the standard basis elements E i j of the matrix algebra M m (C), defines an isomorphism of A with M m (C).
By this construction, we obtain the irreducible representation for each simple summand of C [G] .
We now apply Proposition 4.6 to the meta-abelian semi-direct product, G = N ⋊ H. For fixed α and p, let us consider a simple block, A = (C[G])J [α] p , generated by a primitive central idempotent J Then, e i j e kl = 0, j = k and e i j e jk = e ik . With these e i j , we have the required isomorphism of A with the matrix algebra M c α (C).
Example. Let
where z = xy = yx, x 2 = y 2 = e, and H = Z 3 = t , where t 3 = e. The action of H on N is defined by The action of
with corresponding stability subgroups
The primitive central idempotents of H 0 are also given by Proposition 3.1:
By Theorem 4.4, the primitive central idempotents of C[A 4 ], as sums of primitive idempotents are: 
A basis for
Thus, N abelian) , construction of the primitive central idempotents proceeds in a similar way as the meta-abelian case. In particular, Corollary 4.5 also holds in this case:
where H α represents the isomorphism class of the stability subgroups for the orbit O α .
APPENDIX: PRIMITIVE IDEMPOTENTS
An idempotent u of an associative algebra A is called primitive if u cannot be written as a sum, u = u 1 + u 2 , where u 2 1 = u 1 , u 2 2 = u 2 , and u 1 u 2 = u 2 u 1 = 0. We list several properties of primitive idempotents [5] in a complex semisimple algebra, A = ⊕ i A i , where A i are the simple summands.
Remark 8. By standard arguments (among the simplest, see [4] ), the simple components A i are isomorphic to matrix algebras, M n i (C). In this case, we call u 1 and u 2 equivalent primitive idempotents.
We fix i and set n = n i and B = A i . Let e i j be the elements of B that correspond to E i j -the standard basis elements of M n (C) with 1 in the (i, j) position and 0 elsewhere. If J is the identity element of B, then the primitive idempotents u i = e ii are characterized by
• J = u 1 + · · · + u n • u 2 i = u i • u i u j = 0 for i = j Furthermore, the vector spaces u i Bu j are all one-dimensional: they are equal to Ce i j for i = j, and to Cu i when i = j. It follows that B decomposes as a direct sum of isomorphic minimal left ideals B = ⊕Bu i where the dimension of each left ideal Bu i is n.
